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Abstract
Following a critical publication review on the expansion of fluidized bed with the fluid velocity, the well-known Richardson–Zaki
equation is applied to develop a more accurate relationship linking the apparent drag force Fd, the effective gravitational force Fg and the
voidage of fluidized beds under intermediate regime. A correcting constant a in the relationship is a function of Archimedes number which
may provide a degree of flexibility for different systems covering a wide range of variables. With addition of the correlation developed
in this work, equivalence correlations between equilibrium forces and the Richardson–Zaki equation can be found for a whole regime.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Fluidization is very important from an industrial point of
view. The processes of liquid–solid fluidization are widely
utilized in the fields of hydrometallurgy, food technology,
biochemical processing, water treatment, etc. The operations
involved may include crystallization, ion exchange, adsorp-
tion, enzyme catalysis and cell culturing, etc. Scientific
fundamental research concerns the hydrodynamic structure
of liquid-particles, the equilibrium forces for fluid-particle
interactions and heat or mass transfer properties in fluidized
beds. Taking into account the physical parameters of a
liquid–solid system, the expansion characteristic of solid
particles in the bed is a function of superficial liquid veloc-
ity. A quantitative relationship linking the expansion and
these parameters is necessary for a fundamental understand-
ing of fluidization behavior and subsequent application.
Following a critical review of previous publications
[1–25] on the interaction between particles and fluid, it is
recognized that the forces on a single particle in a fluid can
be clearly distinguished and have been exhaustively corre-
lated for a wide range of Re. However, when the particle is
in suspension, statements dealing with the interaction be-
tween any one particle and its surroundings become increas-
ingly difficult due to the complex structure of fluid flow,
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random interactions among the particles and fluid-particles.
Not surprisingly, the prediction of the published correla-
tions for the interaction of liquid-particles in fluidized bed
shows wide differences. Therefore, more precise analysis
of liquid-particle interaction is required in order to have a
more accurate prediction of the fluidized bed expansion.
After a short analysis of the force equilibrium correla-
tions for a particle in suspension, an inherent link between
the force equilibrium correlation and the Richardson–Zaki
equation has been found at two extreme conditions. How-
ever, at the intermediate region, no correlation is equivalent
to the Richardson–Zaki equation. In this work an attempt has
been made to employ the Richardson–Zaki equation for the
development of force equilibrium correlation. A new corre-
lation is proposed that provides more reliable calculation for
the interaction of liquid-particles in suspension.
2. Steady-state expansion characteristics
The expansion properties of fluidized beds have been ex-
tensively studied. Experimental data demonstrate that the
voidage–velocity relationship is independent of the total
mass of solid particles in a liquid fluidized bed. The differ-
ent relationships between the superficial liquid velocity u,
the terminal velocity ut, and the voidage, ε, have been devel-
oped. Most of works concerning the expansion of fluidized
beds have been summarized by Couderc [26]. The first im-
portant work in this direction was made by Richardson and
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Nomenclature
a constant in Eq. (17)
b constant in Eq. (17)
Ar Archimedes number ((d3pg(ρp − ρ)ρ)/µ2)
CD drag coefficient for a single particle
dp particle diameter (m)
Fd apparent drag force (kg m s−2)
Fg effective gravitational force (kg m s−2)
g gravitational acceleration constant (m s−2)
n exponent in Richardson–Zaki equation
Re particle Reynolds number, ((dpuρ)/µ)
Ret terminal Reynolds number, ((dputρ)/µ)
u superficial velocity based on an
empty column (m s−1)
ut terminal settling velocity of a
single particle (m s−1)
Vp particle volume (m3)
Greek symbols
α correcting factor in Eq. (17)
ε voidage of fluidized bed
ρ fluid density (kg m−3)
ρp apparent particle density (kg m−3)
µ liquid viscosity (mPa s)
Zaki [27] where the following equation for the fluidized bed
expansion was proposed:
u
ut
= εn (1)
The exponent n is a function of terminal particle Re (in the
absence of wall effects). Based on bed expansion data, four
separate equations were recommended and each one spanned
a limited range of terminal particle Re:
n = 4.65 Ret < 0.2
n = 4.45Re−0.03t 0.2 < Ret < 1
n = 4.45Re−0.1t 1 < Ret < 500
n = 2.39 500 < Ret
(2)
The validity of Richardson–Zaki equation has been con-
firmed overwhelmingly with the experimental data and it
provides an excellent account of expansion characteristics
of mono-size spherical particles of the same material in flu-
idized beds. Therefore, in this work, the Richardson–Zaki
equation is used to correlate the fundamental forces (grav-
ity, buoyancy and drag) between the particle and the liquid
in fluidized suspension.
3. Analysis of force equilibrium of particle
in suspension
For a bed of solid particles to be in the fluidized state,
where each particle is completely supported by the liquid
or the suspension, the total interaction forces exerted on it
must match its weight. In the case of a single particle in an
infinite expansion state (ε = 1), the total interaction can be
conveniently divided into the drag and the buoyant forces:
Vpρpg = drag+ buoyancy (3)
or
1
6 (πd
3
p)ρpg = CD 14 (πd2p) 12 (u2ρ)+ 16 (πd3p)ρg
However, how to distinguish the drag and the buoyant forces
acting on a single particle in a fluidized bed is still a diffi-
cult problem. The difficulties stem mainly from the complex
structure of the fluid flow and the intensity of random inter-
actions among the particles and fluid-particle [28]. Exper-
imental resolution is impossible as only total fluid-particle
interaction forces can be directly measured in multi-particle
systems.
If one defines that the drag force acting on an isolated sin-
gle particle at liquid apparent velocity [CD(πd2p/4)(u2ρ/2)]
as apparent drag force Fd, and the weight of a solid particle
in liquid [(πd3pg/6)(ρp − ρ)] as effective gravitational force
Fg, the ratio of the drag force (Fd) of fluid acting on an iso-
lated single particle to effective gravitational force (Fg) is
equal to 1 in an infinite expansion state. The ratio of Fg/Fd
is a function of voidage in multi-particle liquid fluidized bed
and has the following form:
CD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)f(ε) (4)
i.e. Fd = Fgf(ε).
Lewis et al. [1], Wen and Yu [5] and Kmiec [8] obtained
similar results, showing that:
CD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)εn (5)
This equation can be rewritten in a dimensionless form as
3
4
CD
Re2
Ar
= εn (6)
where n = 4.65 for Lewis et al., n = 4.7 for Wen and Yu,
n = 4.78 for Kmiec.
The similar correlation form as Eq. (5) or (6) may be ob-
tained by transforming the Richardson–Zaki equation with
the aid of Stokes’ law and Newton equation.
In the region of very low Re, the Richardson–Zaki equa-
tion can be transformed using the Stokes’ law:
Ar = 18Ret, Ar < 3.6 and Ret < 0.2 (7)
Substitution of this equation into the Richardson–Zaki equa-
tion leads to
Re
Ret
= 18
Re
Re2
Ar
= ε4.65, Ret < 0.2 (8)
where
18
Re
= 3
4
× 24
Re
= 3
4
CD
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Hence Eq. (8) becomes
3
4
CD
Re2
Ar
= ε4.65, Ret < 0.2 (9)
This equation can be rearranged as:
CD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)ε4.65, Ret < 0.2
(10)
For Newton’s region [7], the same transformation processes
can be made as following:
Ar = 0.33Re2t , Ar > 105, 500 < Ret < 2× 105 (11)
According to the Richardson–Zaki equation, one has
Re
Ret
=
√
0.33
Ar
Re = ε2.39, Ret > 500 (12)
This equation is equivalent to
0.33
Re2
Ar
= ε4.78 (13)
The drag coefficient CD for an isolated sphere in this region
is equal to 0.44 [29], so one obtains
3
4
CD
Re2
Ar
= ε4.78, Ret > 500 (14)
This equation can also be rearranged as:
CD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)ε4.78, Ret > 500
(15)
The analysis of equilibrium forces indicates that there are
some inherent links between the force balance correlation
and the Richardson–Zaki equation at two extreme condi-
tions. However, at intermediate region, this equation cannot
be directly transformed to the force equilibrium form and
no equivalent correlation is available.
The exponent of voidage in Eq. (5) should be situated
between 4.65 and 4.78 at the intermediate region. This ex-
ponent is not a fixed value as suggested by Wen and Yu
[5] and Kmiec [8], but rather is dependent on the system
properties and expansion state. It should be noted that a
small difference in the exponent will result in a large de-
viation for the balance of effective gravitational force Fg
and apparent drag force Fd. When the solid particles are
at incipient fluidization state (ε ≈ 0.4), the ratio of the ef-
fective gravitational force and the apparent drag force is
about 80 calculated with n = 4.78 and 74 with n = 4.7.
This implies that the ratio of Fg/Fd is very sensitive to
the exponent value. Therefore, the assumptions of f(ε) in
Eq. (4) as the form εn and taking n as a constant are inap-
propriate. An accurate function relationship is required to
obtain a suitable force equilibrium correlation for different
systems.
4. Generalization of force equilibrium correlations
Due to the fact that the Richardson–Zaki equation has
been confirmed overwhelmingly with the available data, it
is a nearly universally adopted velocity–voidage relation-
ship in fluidized beds. In addition to its direct application,
the Richardson–Zaki equation was commonly employed in
theoretical studies [30] and some successful attempts have
been made [31].
The following work is to revise Eq. (15) on the basis
of the Richardson–Zaki equation at the intermediate region.
Thus the equilibrium force correlations will correspond to
the Richardson–Zaki equation over a whole range of Re.
By comparing the ratio of right hand side (RHS) and left
hand side (LHS) of Eq. (15) with the values of voidage
calculated by the Richardson–Zaki equation, one finds that
there is a significant difference at the low range of voidage
and also that the deviation degree is not the same for different
systems (see Fig. 1). Therefore, the crucial problem lies in
how to correct these deviations.
An attempt has been made to correlate the exponent n in
Eq. (5) as a function of Ar or Ret [32], no simple function
form was found. Further fitting results indicate that Eq. (15)
can be improved by adding a correcting factor α:
αCD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)ε4.78 (16)
i.e.
αε−4.78 = Fg
Fd
The correcting factor α in Eq. (16) may be chosen to match
more closely the data from the Richardson–Zaki equation
and provides a degree of flexibility.
As ε is equal to unity, α, also equal to 1 (see Fig. 1),
the particle in fluidized bed becomes a single unhindered
particle and the drag force Fd from the liquid is equal to the
gravity force Fg of the solid particle in the liquid. But as
ε < 1, the value of α depends on the properties of system
Fig. 1. Comparison of the ratio of RHS and LHS of Eq. (15) using the
voidage values from the Richardson–Zaki equation.
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Table 1
Physical properties of the solid particles and the liquida
Solid material dp (m) ρp (kg m−3) ut (m s−1) Reta Ara n
Copper 135 8800 0.42 4.34 110.2 3.84
a Properties of water at 10 ◦C, ρ = 1000 kg m−3, µ = 1.307 mPa s.
and is a function of voidage ε. Various forms of the function
α = f(ε) are simulated by using a fitting program and a best
form is expressed by:
1
α
= a+ b
ε2
(17)
The values of constants a and b in Eq. (17) can be obtained
by fitting with Eq. (16) in which the values of voidage are
calculated from the Richardson–Zaki equation.
An example is given to illustrate the fitting processes. The
physical properties and relevant parameters in this example
are given in Table 1.
The terminal Re in Table 1 is determined with the Schiller
and Naumann equation [33], the exponent n is calculated
from Eq. (2). With these parameters, the values of constants
a and b in Eq. (17) can be obtained as a function of voidage
by using table–curve program (see Fig. 2).
The same processes have been made for about 50 sys-
tems in the low region of terminal Re (Ret < 50). In these
systems, the viscosity and the density of liquid, the diame-
ter and the density of particle are changed, so that the con-
stants in Eq. (17) can be obtained at different terminal Re
or different Archimedes numbers. The results are given in
Table 2.
Results show that the constants a and b change with the
Ret and Ar. In the low region of terminal Re (1 < Ret < 50),
the constants a and b in Eq. (17) are represented with a1
and b1. The correlations of a1 and b1 with Ar are given in
Figs. 3 and 4, respectively, then the following equations are
Fig. 2. Illustration of fitting α as a function of voidage with table–curve
program.
Fig. 3. Dependence of a1 in Eq. (17) on Archimedes number.
Fig. 4. Dependence of b1 in Eq. (17) on Archimedes number.
obtained:
a1 = 0.7418+ 0.9670Ar−0.5,
b1 = 0.2488− 0.9239Ar−0.5,
1 < Ret < 50, 24 < Ar < 3000 (18)
For the high region of terminal Re (50 < Ret < 500 and
3000 < Ar < 100,000), the other 35 different systems have
been simulated and given in Table 3. In the high region of
terminal Re, a and b in Eq. (17) are represented with a2 and
b2. The data of a2 and b2 are plotted in Figs. 5 and 6 as a
function of Archimedes number, the fitting results are:
a2 = 0.7880− 0.00009Ar0.625,
b2 = 0.2106+ 0.00011Ar0.625,
50 < Ret < 500, 3000 < Ar < 105 (19)
A summary is made here to obtain a desirable result. After
substitution of Eq. (17) into Eq. (16), the correlation between
the drag force and the gravity force in fluidized bed can be
expressed as follows:
CD
1
4 (πd
2
p)
1
2 (u
2ρ) = 16 (πd3pg)(ρp − ρ)(aε4.78 + bε2.78)
(20)
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Table 2
Constants in Eq. (17) at low range of terminal Re (1 < Ret < 50, 24 < Ar < 3000)
No. Material dp (m) ρp (kg m−3) ρ (kg m−3) µ (mPa s) Ar Ret n a b
1 Amberlite XAD-7 300 1090 998 1.002 24.22 1.15 4.26 0.9329 0.0635
2 PVC 176 1390 998 1.002 24.60 1.17 4.26 0.9321 0.0640
3 Silica gel 180 1350 997 0.890 25.42 1.21 4.25 0.9316 0.0656
4 Amberlite IRA-401 226 1060 988 0.550 26.63 1.26 4.24 0.9266 0.0700
5 Copper 276 8800 997 7.700 27.06 1.28 4.23 0.924 0.0720
6 Amberlite XAD-7 320 1090 998 1.002 29.40 1.38 4.21 0.9193 0.0778
7 Amberlite IRA-401 236 1060 988 0.550 30.32 1.42 4.20 0.919 0.0792
8 Glass beads 135 2450 998 1.002 34.84 1.60 4.17 0.9079 0.0900
9 Glass beads 276 2450 997 2.370 40.09 1.82 4.13 0.8965 0.1013
10 Heavy beads 330 1200 1000 1.307 41.28 1.86 4.12 0.8937 0.1025
11 Heavy beads 280 1200 998 1.002 43.24 1.94 4.11 0.8927 0.1064
12 Amberlite IRA-401 276 1060 988 0.550 48.50 2.15 4.07 0.8846 0.1143
13 Glass beads 310 2450 997 2.370 56.81 2.47 4.03 0.8717 0.1258
14 Amberlite XAD-7 400 1090 998 1.002 57.42 2.49 4.03 0.8739 0.1252
15 Copper 180 8800 997 2.730 59.72 2.58 4.02 0.8694 0.1282
16 Dianon 246 1320 997 0.890 59.37 2.56 4.02 0.8697 0.1284
17 Amberlite IRA-401 296 1060 988 0.550 59.83 2.58 4.02 0.8702 0.1277
18 Glass beads 163 2450 998 1.002 61.34 2.64 4.01 0.8694 0.1270
19 Copper 365 8800 997 7.700 62.59 2.68 4.00 0.8682 0.1304
20 Glass beads 200 2450 1000 1.307 66.62 2.83 3.99 0.8619 0.1329
21 Glass beads 176 2450 998 1.002 77.19 3.22 3.94 0.8556 0.1427
22 Amberlite XAD-7 450 1090 998 1.002 81.75 3.37 3.93 0.8501 0.1468
23 Amberlite IRA-401 330 1060 988 0.550 82.90 3.42 3.92 0.8492 0.1483
24 Glass beads 760 2450 997 7.700 105.22 4.17 3.86 0.8370 0.1596
25 Dianon 300 1320 997 0.890 107.68 4.26 3.85 0.8328 0.1628
26 Copper 135 8800 1000 1.307 110.20 4.34 3.84 0.8358 0.1624
27 Amberlite XAD-7 330 1090 998 0.550 117.45 4.57 3.82 0.8323 0.1647
28 Copper 500 8800 997 7.700 160.90 5.92 3.73 0.8160 0.1792
29 Dianon 365 1320 997 0.890 193.94 6.89 3.68 0.8062 0.1873
30 Copper 560 8800 997 7.700 226.05 7.78 3.64 0.8014 0.1919
31 Heavy beads 330 1200 988 0.550 244.11 8.32 3.61 0.7985 0.1946
32 Copper 290 8800 997 2.370 249.74 8.42 3.61 0.7979 0.1947
33 TiO2 230 2870 997 0.890 281.39 9.24 3.58 0.7947 0.1983
34 Amberlite IR-120 548 1200 998 1.002 324.16 10.32 3.54 0.7892 0.2016
35 ZrO2 136 5600 988 0.550 371.71 11.46 3.50 0.7888 0.2038
36 Glass beads 300 2450 998 1.002 382.29 11.71 3.49 0.7856 0.2056
37 Glass beads 216 2450 988 0.550 472.07 13.75 3.44 0.7817 0.2085
38 ZrO2 166 5600 988 0.550 675.95 17.96 3.34 0.7780 0.2130
39 ZrO2 250 5600 998 1.002 701.18 18.45 3.33 0.7734 0.2151
40 Amberlite IR-120 710 1200 998 1.002 705.00 18.53 3.33 0.7763 0.2145
41 Dianon 614 1320 998 1.002 726.80 18.93 3.32 0.7741 0.2149
42 Glass beads 400 2450 998 1.002 906.17 22.24 3.27 0.7708 0.2180
43 ZrO2 276 5600 988 0.550 1112.6 25.78 3.21 0.7726 0.2183
44 Glass beads 450 2450 998 1.002 1290.2 28.64 3.18 0.7688 0.2203
45 Glass beads 500 2450 998 1.002 1769.9 35.75 3.10 0.7663 0.2236
46 Hollow char 776 1500 998 1.002 2287.0 42.69 3.04 0.7634 0.2266
47 ZrO2 560 2450 998 1.002 2486.5 45.20 3.02 0.7606 0.2284
48 Copper 580 2450 998 1.002 2762.5 48.56 3.00 0.7605 0.2285
Eq. (20) shows that the drag force which a particle received
from suspension in fluidized bed is 1/(aε4.78 + bε2.78)-fold
of that an unhanded particle received from liquid at the same
superficial liquid velocity.
When ε is equal to 1, (aε4.78 + bε2.78) is also equal to
1. The drag force from liquid is equal to effective gravity
force of an unhanded particle. From this analysis, one finds
that a+b = 1 and this is valid for a whole range of voidage
(0.4 < ε < 1.0). Thus, only one correcting constant is
required, Eq. (20) is simplified to
CD
1
4 (πd
2
p)
1
2 (u
2ρ)= 16 (πd3pg)(ρp − ρ)
× (aε4.78 + (1− a)ε2.78) (21)
a= 0.7418+ 0.9670Ar−0.5,
1 < Ret < 50, 24 < Ar < 3000 (22)
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Table 3
Constants in Eq. (17) at high range of terminal Re (50 < Ret < 500, 3000 < Ar < 100,000)
No. Material dp (m) ρp (kg m−3) ρ (kg m−3) µ (mPa s) Ar Ret n a b
1 Copper 610 8800 1000 1.307 10167.21 115.07 2.74 0.7602 0.2449
2 Copper 1300 8800 1000 1.307 98410.74 479.10 2.44 0.6717 0.3485
3 Copper 1060 8800 1000 1.307 53349.46 328.20 2.50 0.7093 0.3107
4 Copper 700 8800 1000 1.307 15364.08 150.02 2.67 0.7528 0.2559
5 Copper 886 8800 997 7.700 31153.98 234.65 2.57 0.7311 0.2832
6 Copper 1200 8800 997 7.700 77402.71 413.25 2.46 0.6876 0.3321
7 TiO2 516 5600 988 0.550 20302.01 179.14 2.63 0.7451 0.2674
8 TiO2 666 5600 988 0.550 43652.85 289.73 2.52 0.7199 0.2941
9 TiO2 816 5600 988 0.550 80289.79 422.66 2.46 0.6871 0.3333
10 TiO2 816 5600 997 0.890 30881.30 233.36 2.57 0.7333 0.2821
11 TiO2 896 5600 997 0.890 40883.60 278.13 2.53 0.7216 0.2952
12 TiO2 1019 5600 997 0.890 60137.82 353.54 2.49 0.7046 0.3154
13 Iron 1030 7300 997 0.890 85043.89 437.92 2.45 0.6824 0.3393
14 Iron 966 7300 997 0.890 70155.68 388.89 2.47 0.6951 0.3247
15 Iron 942 7300 997 0.890 65055.52 371.17 2.48 0.7003 0.3201
16 Lead glass 1266 2900 997 0.890 47678.66 306.09 2.51 0.7150 0.3038
17 Lead glass 1166 2900 997 0.890 37249.34 262.43 2.54 0.7241 0.2913
18 Lead glass 999 2900 997 0.890 23427.15 196.11 2.61 0.7424 0.2700
19 Glass beads 999 2450 997 0.890 17887.36 165.29 2.65 0.7496 0.2618
20 Glass beads 1224 2450 998 1.002 26995.77 214.44 2.59 0.7365 0.2771
21 ZrO2 276 5600 988 0.550 3106.83 52.59 2.98 0.7729 0.2243
22 Copper 1466 8800 997 7.700 4055.52 62.91 2.92 0.7711 0.2273
23 Zirconia 700 3800 1000 1.307 5515.00 77.17 2.86 0.7692 0.2316
24 Copper 1666 8800 997 7.700 5952.09 81.15 2.84 0.7683 0.2329
25 Glass beads 800 2450 998 1.002 7249.38 92.37 2.80 0.7664 0.2370
26 Copper 460 8800 997 0.890 9378.19 109.22 2.76 0.7620 0.2422
27 Copper 600 8800 1000 1.307 9675.34 111.45 2.75 0.7622 0.2438
28 Glass beads 891 2450 998 1.002 10015.30 113.97 2.74 0.7610 0.2448
29 Glass beads 1700 2450 997 0.890 88144.77 447.68 2.45 0.6798 0.3405
30 Glass beads 1760 2450 997 0.890 97811.02 477.29 2.44 0.6732 0.3483
31 Glass beads 707 2450 998 1.002 5003.67 72.36 2.88 0.7697 0.2302
32 Glass beads 565 2450 998 1.002 3997.07 62.31 2.92 0.7718 0.2268
33 Copper 574 8800 998 1.002 14388.18 143.86 2.68 0.7532 0.2553
34 ZrO2 229 8800 988 0.550 3005.86 51.42 2.98 0.7728 0.2240
35 Glass beads 1730 2450 997 0.890 92894.09 462.38 2.44 0.6770 0.3460
a= 0.7880− 0.00009Ar0.625,
50 < Ret < 500, 3000 < Ar < 105 (23)
When the bed voidages calculated from the Richardson–Zaki
equation at different velocities are substituted into Eq. (21),
Fig. 5. Dependence of a2 in Eq. (17) on Archimedes number.
the apparent drag force should balance with the effective
gravitational force, i.e. the ratio of the LHS and RHS of
Eq. (21) should be equal to 1. Fig. 7 shows a verification
for the revised Eq. (21). In the same figure a comparison
Fig. 6. Dependence of b2 in Eq. (17) on Archimedes number.
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Fig. 7. Verification of new correlation Eq. (21) and comparison with
Kmiec’s Eq. (15).
between the revised Eq. (21) and Kmiec’s Eq. (15) is given.
As can be clearly seen, the ratio of the LHS and the RHS
of Eq. (21) is equal to 1 for a whole range of voidage.
This implies that a more accurate fluid-particles interaction
correlation has been established. Correlation (21) is devel-
oped for conventional liquid–solid fluidization systems, in
which the particles are in a uniformly suspended state, the
liquid velocity and bed voidage distributions are homoge-
neous in both the axial and the radial directions. Therefore,
it may not be applicable for circulating fluidization due to
the non-uniform flow structure [34].
5. Conclusions
On the basis of the Richardson–Zaki equation, a new
general liquid-particle interaction correlation Eq. (21) is
developed under intermediate regime. The constant a in
the correlation is a function of Archimedes number which
offers a degree of flexibility for different systems. This cor-
relation provides a good description on the apparent drag
force Fd and the effective gravity force Fg in fluidized beds.
Its accuracy and applicability in a wide range make it very
useful for prediction of the expansion characteristic.
In comparison with the Richardson–Zaki equation, the
practical advantage of proposed Eq. (21) is that the defi-
nitions of Fg and Fd have a clear physical meaning. Sys-
tem properties and operating conditions are considered,
which allow further investigation of the hydrodynamics for
more complex systems, such as to predict segregation phe-
nomena and mixing composition in binary-solid fluidized
beds [35].
In a fundamental sense, with addition of newly devel-
oped Eq. (21), equivalence correlations between equilib-
rium forces and the Richardson–Zaki equation can be found
for laminar Eq. (10), intermediate Eq. (21), and turbulent
Eq. (15) regimes.
References
[1] W.K. Lewis, E.R. Gilliland, W.C. Bauer, Characteristics of fluidized
particles, Ind. Eng. Chem. 41 (1949) 1104–1117.
[2] E.W. Lewis, E.W. Bowerman, Fluidization of solid particles in
liquids, Chem. Eng. Prog. 48 (1952) 603–611.
[3] S. Ergun, Fluid flow through packed columns, Chem. Eng. Prog.
48 (2) (1952) 89–94.
[4] J.A. Bicknell, R.L. Whitmore, Particle forces in fluidized beds,
in: Proceedings of the International Symposium on Fluidization,
Netherlands University Press, Amsterdam, 1967, pp. 31–37.
[5] C.Y. Wen, Y.H. Yu, Mechanics of fluidization, Chem. Eng. Progr.
Symp. Ser. 62 (1966) 100–111.
[6] R. Clift, J.R. Grace, M.E. Weber, Bubbles, Drops and Particles,
Academic Press, New York, 1978.
[7] J.F. Richardson, M.A. Jeronimo, Velocity–voidage relations for
sedimentation and fluidisation, Chem. Eng. Sci. 34 (1979) 1419–
1422.
[8] A. Kmiec, Equilibrium of forces in a fluidized bed—experimental
verification, J. Chem. Eng. 23 (1982) 133–136.
[9] T.H. Nguyen, J.R. Grace, Forces on objects immersed in fluidized
beds, Powder Technol. 19 (1978) 255–264.
[10] E. Barnea, J. Mizrahi, A generalized approach to the fluid dynamics
of particulate systems (Part 1), Chem. Eng. Sci. 5 (1973) 171–189.
[11] E. Barnea, J. Mizrahi, A generalized approach to the fluid dynamics
of particulate systems (Part 2), Can. Chem. Eng. J. 53 (1975) 461–
468.
[12] J. Happel, Viscous flow in multiparticle systems: Slow motion of
fluids relative to beds of spherical particles, J. AIChE 4 (2) (1958)
196–201.
[13] L.T. Fan, L.S. Han, R.S. Brodkey, Comments on the buoyancy forces
on a particles in a fluidized suspension, Chem. Eng. Sci. 42 (1987)
1269–1271.
[14] L.G. Gibilaro, P.U. Foscolo, R. Di Felice, S.P. Waldram, Author’s
reply to comments by L.S. Fan et al., Chem. Eng. Sci. 42 (5) (1987)
1272.
[15] R. Clift, J.P.K. Seville, S.C. Moore, C. Chavarie, Comments on
buoyancy in fluidized beds, Chem. Eng. Sci. 42 (1987) 191–194.
[16] L.G. Gibilaro, R. Di Felice, S.P. Waldram, P.U. Foscolo, Author’s
reply to comments by Clift et al., Chem. Eng. Sci. 42 (1987) 194–
196.
[17] A.R. Khan, J.F. Richardson, Fluid-particle interactions and flow
characteristics of fluidized beds and setting suspensions of spherical
particles, Chem. Eng. Commun. 78 (1989) 111–130.
[18] L.G. Gibilaro, R. Di Felice, S.P. Walgram, P.U. Foscolo, Generalized
friction factor and drag coefficient correlations for fluid–particle
interactions, Chem. Eng. Sci. 40 (10) (1985) 1817–1823.
[19] R. Di Felice, P.U. Foscolo, L.G. Gibilaro, The experimental
determination of the interaction force on spheres submerged in liquid
fluidized beds, Chem. Eng. Process. 25 (1989) 27–34.
[20] Y. Zimmels, Generalized buoyancy forces in dispersions, J. Appl.
Phys. 68 (1990) 2007–2012.
[21] J. Gibb, Pressure and viscous forces in an equilibrium fluidized
suspension, Chem. Eng. Sci. 46 (1991) 377–379.
[22] Z.B. Grbavcic, D.V. Vukovic, S.D. Jovanovic, The effective buoyancy
and drag on spheres in a water-fluidized bed, Chem. Eng. Sci. 47
(1992) 2120–2124.
[23] R.H. Jean, L.S. Fan, On the model equation of Gibilaro and Foscolo
with corrected buoyancy force, Powder Technol. 72 (1992) 201–205.
[24] G. Astarita, Forces acting on particles in a fluidised bed, Chem. Eng.
Sci. 48 (1993) 3438–3440.
[25] R. Di Felice, Hydrodynamics of liquid fluidization, Chem. Eng. Sci.
50 (8) (1995) 1213–1245.
[26] J.P. Couderc, Incipient fluidization and particulate systems, in: J.F
Davidson, R. Clift, D. Harrison (Eds.), Fluidization, 2nd Edition,
Academic Press, London, 1985, pp. 1–46.
14 J. Yang, A. Renken / Chemical Engineering Journal 92 (2003) 7–14
[27] J.F. Richardson, W.N. Zaki, Sedimentation and fluidization (Part I),
Trans. Inst. Chem. Eng. 32 (1954) 35–52.
[28] L.G. Gibilaro, R. Di Felice, P.U. Foscolo, On the minimum bubbling
voidage and the Geldart classification for gas-fluidised beds, Powder
Technol. 56 (1988) 21–29.
[29] P. Javet, W. Capret, Cours de phénomènes de transfert, Ecole
Polytechnique Fédérale, Lausanne, Vol. 2, 1991.
[30] G.B. Wallis, One-Dimensional Two-phase Flow, McGraw-Hill, New
York, 1969.
[31] P.U. Foscolo, L.G. Gibilaro, S.P. Walgram, A unified model for
particulate expansion of fluidized beds flow in fixed porous media,
Chem. Eng. Sci. 38 (8) (1983) 1251–1260.
[32] J. Yang, An attempt for finding out a correlation of equilibrium
forces in liquid–solid fluidization, Internal Report, IGC- DC, Ecole
Polytechnique Fédérale, Lausanne, 1996.
[33] V.L. Schiller, A. Naumann, Über die grundlegenden berechnungen
bei der schwerkraftaufbereitung, Zeitschr. Ver. Deut. Ing. 77 (12)
(1933) 318–320.
[34] W. Liang, S. Zhang, J. Zhu, Y. Jin, Z. Yu, Z. Wang, Flow
characteristics of the liquid–solid circulating fluidized bed, Powder
Technol. 90 (2) (1997) 95–102.
[35] J. Yang, Hydrodynamics and liquid–solid mass transfer in
non-conventional fluidized beds, Thesis no. 1919, IGC-DC, Ecole
Polytechnique Fédérale, Lausanne, 1998.
